Abstract. We consider the algebraic curve defined by y m = f (x) where m ≥ 2 and f (x) is a rational function over F q . We extend the concept of pure gap to c-gap and obtain a criterion to decide when an s-tuple is a c-gap at s rational places on the curve. As an application, we obtain many families of pure gaps at two rational places on curves with many rational places.
Introduction
Since Goppa introduced the Algebraic Geometric codes in the eighties [11] , a lot of effort has been directed towards obtaining examples of codes with good parameters through different types of algebraic curves. It is well known that codes with optimal parameters are expected from algebraic curves with many rational places over finite fields. These are curves whose numbers of rational places are equal or close to the Hasse-Weil upper bound or other known bounds that may be specific to the curve. For a projective, absolutely irreducible, non-singular algebraic curve X of genus g over F q , the Hasse-Weil upper bound on the number of F q -rational places is q + 1 + 2g √ q. When this quantity is attained, the curve X is said to be maximal. Maximal curves only exist over F q 2 .
In [7] and [8] Garcia, Kim and Lax exploit a local property at a rational place on an algebraic curve in order to improve the minimum distance of the code. Specifically, they show that the existence of ℓ consecutive gaps at a rational place can be used to increase the classical upper bound for the minimum distance by ℓ units. In [17] Homma and Kim obtain similar results using gaps at two rational places. They also define a special type of gap that they call pure gap and obtain further improvements. Then they use pure gaps to refine the parameters of codes constructed from the Hermitian curve over F q 2 . In [4] Carvalho and Torres consider in detail gaps and pure gaps at more than two places. Since then, pure gaps have been exhaustively studied to show that they provide many other good codes; see [2, 5, 20, 23, 25, 29, 30] . The scope of these papers varies depending on the algebraic curve and the number of places considered. 1 The majority of maximal curves and curves with many rational places has a plane model of Kummer-type. For those curves with affine equation given by
λ where m ≥ 2, λ ≥ 1 and f (x) is a separable polynomial over F q , general results on gaps and pure gaps can be found in [1, 5, 18, 29] . Applications to codes on particular curves such as the Giulietti-Korchmáros curve, the Garcia-Güneri-Stichtenoth curve, and quotients of the Hermitian curve can be found in [19, 28, 31] . In [1] the authors use a decomposition of certain Riemann-Roch vector spaces due to Maharaj (Theorem 2.2) to describe gaps at one place arithmetically. The same idea has been used to investigate gaps and pure gaps at several places [2, 5, 18, 19, [29] [30] [31] . Here we continue exploring its capabilities by considering a different setting.
In this work we consider a Kummer-type curve defined by
where m ≥ 2 and f (x) is a rational function over F q .
We extend the concept of pure gap to c-gap and provide an arithmetical criterion to decide when an s-tuple is a c-gap at s rational places. This result is then heavily used to obtain many families of pure gaps at two places on the curves obtained by Giulietti and Korchmáros in [10] , Garcia and Quoos in [9] , and Garcia, Güneri and Stichtenoth in [6] . All these curves are known to have many rational places.
In the special case of two rational places, one can also determine the set of pure gaps using a method introduced by Homma and Kim in [17, Theorem 2.1]. For i = 1, 2, let P i be a rational place and G(P i ) be the set of gaps at P i . There is a bijection β from G(P 1 ) to G(P 2 ) given by β(n 1 ) := min{n 2 : (n 1 , n 2 ) ∈ H(P 1 , P 2 )}, which can be used to characterize the set of pure gaps at (P 1 , P 2 ) in the following way:
We use this approach to obtain additional families of pure gaps at two places on the Suzuki curve.
We conclude the paper with a summary of the parameters of codes constructed using our families of pure gaps.
Preliminary results
Let X be a projective, absolutely irreducible, non-singular algebraic curve of genus g defined over a finite field F q . Let F = F q (X ) be its function field over F q . For a function z in F , let (z) and (z) ∞ stand for its divisor and pole divisor, respectively. We denote by P F the set of places of F , and by D F the free abelian group generated by the places of F . The elements D in D F are called divisors and can be written as D = P ∈P F n P P with n P ∈ Z, and n P = 0 for almost all P ∈ P F .
The degree of a divisor
We denote by ℓ(D) the dimension of L(D) as a vector space over the field of constants F q .
Our convention is that N = {1, 2, . . . } and N 0 = N ∪ {0}. For a rational place P , that is, a place P of degree one, the Weierstrass semigroup at P is H(P ) := {n ∈ N : (z) ∞ = nP for some z ∈ F } ∪ {0}.
We say that n is a non-gap at P if n ∈ H(P ), and a gap otherwise. Another way to characterize a gap is using the dimension of Riemann-Roch spaces, namely, n is a gap at P if and only if ℓ((n − 1)P ) = ℓ(nP ). As a consequence, the Weierstrass Gap Theorem asserts that there exist g gaps at P between 1 and 2g − 1. There is a natural generalization of the notion of gap at distinct rational places P 1 , . . . , P s of F by setting
as the Weierstrass semigroup at (P 1 , . . . , P s ). The elements in
. . , P s ) are called gaps, and there is a finite number of them. Gaps at several places can be described in terms of the dimensions of Riemann-Roch spaces: (n 1 , . . . , n s ) is a gap at (P 1 , . . . , P s ) if and only if
n i P i for some j ∈ {1, . . . , s}.
Homma and Kim [17] introduced the important concept of pure gap. An s-tuple (n 1 , . . . , n s ) ∈ N s 0 is a pure gap at (P 1 , . . . , P s ) if
The set of pure gaps at (P 1 , . . . , P s ) is denoted by G 0 (P 1 , . . . , P s ). Clearly, G 0 (P 1 , . . . , P s ) is contained in G(P 1 , . . . , P s ). Carvalho and Torres [4, Lemma 2.5] showed that (n 1 , . . . , n s ) is a pure gap at (P 1 , . . . , P s ) if and only if ℓ (
Now we turn our attention to Kummer extensions. Let K be the algebraic closure of F q and p be the characteristic of F q . Definition 2.1. A Kummer extension is an algebraic function field F/K(x) defined by y m = f (x) where f (x) is a rational function over K with m ≥ 2 and p ∤ m. For a zero or pole of f (x), let Q be the place of P K(x) associated to it. To be more precise, we assume the following.
(1) Q 1 , . . . , Q r ∈ P K(x) are all places corresponding to zeros and poles of f (x). We denote the multiplicity of Q i by
(2) Q 1 , . . . , Q s ∈ P K(x) with s ≤ r are totally ramified places in the extension F/K(x). (3) For i = 1, . . . , r, let P i,j with 1 ≤ j ≤ d i := gcd(m, λ i ) be the places in P F lying over Q i . When Q i is a totally ramified place in F/K(x), we denote P i,1 simply by
: Q|R R where e(Q|R) is the ramification index of Q over R.
The following result by Maharaj is a key ingredient in our arithmetic characterization of c-gaps at several places. 
denotes the restriction of the divisor D + (y t ) to F q (x).
Pure gaps are related to the improvement of the designed minimum distance of Algebraic Geometric codes. For the differential code C Ω (D, G) associated to the divisors D and G, we denote its length, dimension and minimum distance by n, k and d, respectively; see [27] .
We recall that X denotes a projective, absolutely irreducible, non-singular algebraic curve of genus g.
Theorem 2.3 ([4, Theorem 3.4]).
Let P 1 , . . . , P s , Q 1 , . . . , Q n be pairwise distinct F q -rational places on X , and let (a 1 , . . . , a s ), (b 1 , . . . , b s ) ∈ N s 0 be pure gaps at (P 1 , . . . , P s ) with
c -gaps on Kummer extensions
We start this section by generalizing the concept of gap to c-gap at several places.
When 1 = (1, . . . , 1), a 1-gap at (P 1 , . . . , P s ) is a pure gap at (P 1 , . . . , P s ). Also, if n is a (c 1 , . . . , c s )-gap at (P 1 , . . . , P s ) then n, n − 1, . . . , n − δ · 1 are all pure gaps at (P 1 , . . . , P s ) where δ := min{c i : i = 1, . . . , s} ≥ 1.
Lundell and McCullough proved a bound for the minimum distance d called generalized floor bound . Next we state their result using the c-gap terminology.
Theorem 2.3 can be seen as a particular case of Theorem 3.2. There are instances in which we can apply Theorem 3.2, but not Theorem 2.3. This occurs when some c i = 0 and a, b are not pure gaps, or when a i ≤ b i and a j ≥ b j for some i, j. Theorem 3.3. Let P 1 , . . . , P s ∈ P F be pairwise distinct totally ramified places in the Kum-
0 is a c-gap at (P 1 , . . . , P s ) if and only if for every t ∈ {0, . . . , m − 1} exactly one of the two following conditions is satisfied:
Proof. Let t ∈ {0, . . . , m − 1}. Using the notation as in Definition 2.1, we have that
and the restriction of this divisor to K(x) is
We conclude that n is a c-pure gap at (P 1 , . . . , P s ) if and only if
for all t ∈ {0, . . . , m − 1}. Since F q (x) has genus 0, the latter identity holds if and only if for all t ∈ {0, . . . , m − 1} either
This concludes the proof.
Our next goal is to obtain families of pure gaps on specific curves using Theorem 3.3.
3.1. Pure gaps on the GK curve. The Giulietti-Korchmáros curve over F q 6 is a nonsingular curve in PG(3, K) defined by the affine equations:
It has genus g = (q 3 +1)(q 2 −2) 2 + 1, and the number of its F q 6 -rational places is q 8 − q 6 + q 5 + 1. The GK curve first appeared in [10] as a maximal curve over F q 6 , since the latter number coincides with the Hasse-Weil bound, q 6 + 2gq 3 + 1. The GK curve is the first example of a maximal curve that is not F q 6 -covered by the Hermitian curve, provided that q > 2.
A plane model for the GK curve is given by the affine equation:
Let F = F q 6 (x, y)/F q 6 be its function field. We denote by P ∞ the only place of F associated to the pole of x.
Proposition 3.4. Let P 1 and P 2 be two totally ramified places different from P ∞ on the GK curve. For α ∈ {0, . . . , q 2 − 3} and β ∈ {0, 1}, let
and
Then the pair (n 1 , n 2 ) is a pure gap at (P 1 , P 2 ).
Proof. The places P 1 and P 2 are zeros of x q + x, so λ 1 = λ 2 = 1. For i ∈ {1, 2} and t ∈ {0, . . . , q 3 }, we have that
if and only if n i + t ≡ 0 (mod q 3 + 1).
Furthermore,
It remains to show that the condition Theorem 3.3(i) holds in the above cases. We compute
Therefore (n 1 , n 2 ) is a pure gap at (P 1 , P 2 ).
Proposition 3.5. Let P 1 and P 2 be two totally ramified places different from P ∞ on the GK curve. The pair (1, 2g − 2) is a (1, 0)-gap, but not a pure gap, at (P 1 , P 2 ).
Proof. We start by investigating when Theorem 3.3(ii) does not hold. For i = 1, we have that 1 + t q 3 + 1 = t q 3 + 1 if and only if t = q 3 . In this case (i) becomes
On the other hand, (1, 2g − 2) is a not a (1, 1)-gap since for t = 0 and i = 2 we have
Proposition 3.6. Let P 1 and P 2 be two totally ramified places different from P ∞ on the GK curve. For i ∈ {1, 2}, let
where α i ∈ {0, . . . , q 2 − 2}, β i ∈ {0, . . . , q} and γ i ∈ {1, . . . , q 2 − q}. Let
Then (n 1 , n 2 ) is a pure gap at (P 1 , P 2 ) if and only if
Proof. By Theorem 3.3, (n 1 , n 2 ) is a pure gap at (P 1 , P 2 ) if and only if, whenever
for some i ∈ {1, 2} and t i ∈ {0, . . . , q 3 }, one has
Clearly,
if and only if n i + t i ≡ 0 (mod q 3 + 1). In particular, since
. First, we note that t i ≥ t j if and only if δ i,j = 1. For j = i, we obtain that
Thus, by (2), we have
which is equivalent to
Hence, we obtain that (n 1 , n 2 ) is a pure gap at (P 1 , P 2 ) if and only if q
3.2.
Pure gaps on curves with many rational places. We now consider curves with many rational places that appeared in [9] . The first curve is defined over F q 2n by
where m | (q 2n − 1) and gcd(m, q n − 1) = 1. This curve has genus g = (q n − 1)(m − 1)/2 and N = (q 2n − q n )m + (q n + 1) rational places over F q 2n .
Proposition 3.7. Suppose q is even. On the curve X 1 defined by
let P ∞ be the unique place at infinity and P 1 be a totally ramified place different from P ∞ . We have that:
) is a (1, 0)-gap, but not a pure gap, at (P ∞ , P 1 ), and (ii) (1, (q n − 3)(q n + 1) + α) is a pure gap at (P ∞ , P 1 ) for α ∈ {1, 2}.
Proof. Let (n 0 , n 1 ) := (1, (q n − 2)(q n + 1)) and (c 0 , c 1 ) := (1, 0). We have that λ 0 = −q n (q n − 1) and λ i = q n − 1 for i ∈ {1, . . . q n }. For i = 0 and t ∈ {0, . . . , q n }, we have
if and only if n 0 + tλ 0 ≡ 1 − q n t(q n − 1) ≡ 0 (mod q n + 1), that is, t = (q n + 2)/2. In this case,
On the other hand, (1, (q n − 2)(q n + 1)) is not a (0, 1)-gap at (P ∞ , P 1 ) since for i = 1 and t = 0 we have that
We conclude that (n 0 , n 1 ) is not a pure gap. Now suppose that (n 0 , n 1 ) := (1, (q n − 3)(q n + 1) + α) and (c 0 , c 1 ) := (1, 1). As in the previous case, we have n 0 + tλ 0 q n + 1 = n 0 − 1 + tλ 0 q n + 1 if and only if t = q n +2 2
. Also,
if and only if n 1 + tλ i ≡ (q n − 3)(q n + 1) + α + (q n − 1)t ≡ 0 (mod q n + 1), that is, t = 1 for α = 2, and t = (q n + 2)/2 for α = 1. In these cases
So (n 0 , n 1 ) is a pure gap.
The second curve we consider in this section is defined over F q 2 by
The common roots of the numerator and the denominator belong to F q and satisfy x 2 + x + 1 = 0. We denote by d the gcd(m, q − 1). Proposition 3.8. Let q > 3 and m = q 2 − 1. Let P 1 and P 2 be two totally ramified places corresponding to the roots of x q+1 + x + 1 on the curve X 2 that are different from P ∞ . For α ∈ {0, . . . , 2q − 5} and β ∈ {0, 1}, the pair
is a pure gap at (P 1 , P 2 ).
Proof. In this case λ i = q for q − 1 places associated to the roots of x q+1 + x + 1 that are not roots of x 2 + x + 1, λ i = q − 1 for two places associated to the roots of x 2 + x + 1, λ i = −1 for q − 1 places associated to the roots of x q+1 + x q + 1 that are not roots of x 2 + x + 1, and λ i = −(q 2 − 1) for the last place (the pole P ∞ ). We have that
Suppose β = 0. If t = q − 1 then
3.3. Pure gaps on the GGS curve. Let n be an odd integer. The Garcia-Güneri-Stichtenoth curve was introduced in [6] . It is defined by the equations:
where m = (q n + 1)/(q + 1). This curve has genus g = 1 2
(q − 1)(q n+1 + q n − q 2 ), and it is F q 2n -maximal. A plane model for the GGS curve can be given by
where Tr is the trace function from F q 2n to F q 2 .
Proposition 3.9. On the GGS curve, let P 1 and P 2 be two totally ramified places that are different from P ∞ . Let α ∈ {0, . . . , q 2 − 3} and β ∈ {0, 1}. For n ≥ 5, if n 1 :=(β + 1)q n−3 (q 2 − q + 1) + α(q n + 1) and
then the pair (n 1 , n 2 ) is a pure gap at (P 1 , P 2 ).
Proof. The places P 1 and P 2 are zeros of x q + x, and so λ 1 = λ 2 = 1. Let t ∈ {0, . . . , q n }. We have that n 1 + t q n + 1 = n 1 + t − 1 q n + 1 if and only if n 1 + t ≡ 0 (mod q n + 1), which is equivalent to
Analogously, n 2 + t q n + 1 = n 2 + t − 1 q n + 1 if and only if n 2 + t ≡ 0 (mod q n + 1), which is equivalent to
We need to verify that Theorem 3.3(i) holds for these values of t. Indeed, we have that
Proposition 3.10. On the GGS curve, let P ∞ be the unique place at infinity and P 1 be a totally ramified place different from P ∞ . For α ∈ {0, . . . , q 2 − 2}, the pair
is a pure gap at (P ∞ , P 1 ).
Proof. The place P 1 is a zero of x q + x, so λ 1 = 1, while λ ∞ = −q 3 . Let t ∈ {0, . . . , q n }. We have that n 1 + t q n + 1 = n 1 + t − 1 q n + 1 if and only if t = q n . Analogously,
if and only if 2q 3 + q 3 t ≡ 0 (mod q n + 1), which is equivalent to t = q n − 1. In both cases, we have that
The claim now follows from Theorem 3.3.
We note that the structure of pure gaps at (P ∞ , P 1 ) can be different at (P 1 , P 2 ). In fact, the automorphism group of GGS acts on the q places, P 1 , . . . , P q , while P ∞ is a fixed place; see [12, 13] .
Pure gaps on the Suzuki curve
Let S denote a non-singular model of the projective curve over F q defined by
where q 0 = 2 n and q = 2q 2 0 = 2 2n+1 for some positive integer n. The genus of S is q 0 (q − 1). We note that S has (q 2 + 1) F q -rational places, namely, there are q 2 places centered at points of type P a,b := (a, b, 1) where a, b ∈ F q in addition to a single places at infinity, P ∞ . The curve S is known as the Suzuki curve because the full automorphism group of S is isomorphic to the Suzuki group Sz(q) of order q 2 (q 2 + 1)(q − 1). Moreover, Aut(S) acts on S(F q ) as Sz(q) acts on the points of the Suzuki-Tits ovoid in PG(3, q); see [15, Theorem 12.13] .
Let P 1 and P 2 be distinct F q -rational places on S. We assume that P 1 = P ∞ and P 2 = P 0,0 . This assumption is not a restriction as Aut(S) ∼ = Sz(q) acts 2-transitively on S(F q ). It turns out that G(P 1 ) = G(P 2 ) = N 0 \ q, q + q 0 , q + 2q 0 , q + 2q 0 + 1 ; see [14] . Following the notation used by Matthews in [24] , given n i ∈ G(P i ) with i ∈ {1, 2}, we write (3) n i = r i (q + 2q 0 + 1) + m i q 0 + s i where r i = n i q + 2q 0 + 1 and m i , s i are non-negative integers such that 0 ≤ s i ≤ q 0 − 1. Set
For n ∈ G(P 1 ), let
The function β is a bijection between G(P 1 ) and G(P 2 ). Matthews showed that β(n i ) = 2g − 1 + q − (q − 1)j i − n i for the Suzuki curve. We recall Equation (1):
Since Aut(S) ∼ = Sz(q) acts 2-transitively on S(F q ), we have that G 0 (P 1 , P 2 ) = G 0 (P 2 , P 1 ). So (n 1 , n 2 ) ∈ G 0 (P 1 , P 2 ) if and only if (n 2 , n 1 ) ∈ G 0 (P 1 , P 2 ). Therefore, by [4, Lemma 2.5], it turns out that G 0 (P 1 , P 2 ) = {(n 1 , n 2 ) ∈ G(P 1 ) × G(P 2 ) : n 2 < β(n 1 ) and n 1 < β(n 2 )}. (4) Proposition 4.1. Let P 1 , P 2 ∈ S(F q ) with P 1 = P 2 . If n 1 := ǫ(q + 2q 0 + 1) + 1 and n 2 := 2g − q − 1 − ǫ(q + 2q 0 + 1) then (n 1 , n 2 ) and (n 2 , n 1 ) are pure gaps at (P 1 , P 2 ) for every ǫ ∈ {0, . . . , 2q 0 − 3}.
Proof. First let us show that n 1 and n 2 belong to G(P 1 ) = G(P 2 ) = N 0 \ q, q + q 0 , q + 2q 0 , q + 2q 0 + 1 . 
The same argument as above shows that n 2 ∈ G(P 2 ). Now we need to show that (n 1 , n 2 ) is a pure gap at (P 1 , P 2 ). By the definition of n 1 , we have that m 1 q 0 + s 1 = 1 and hence (m 1 , s 1 ) = (0, 1) and j 1 = 1. On the other hand, we can write n 2 as n 2 = (2q 0 − ǫ − 3)(q + 2q 0 + 1) + 2q 0 + 2, and so m 2 q 0 + s 2 = 2q 0 + 2. Thus,
and j 2 = 2.
For k, ℓ ∈ {1, 2} with k = ℓ, we obtain that a k < γ(a ℓ ) if and only if
if and only if −q < (q − 1)(1 − j ℓ ), which is always satisfied, given that j ℓ ∈ {1, 2}.
The pure gaps (n 1 , n 2 ) in the previous result satisfy n 1 + n 2 = 2g − q. Next we will show that this amount is actually the largest possible value for the sum of the components of any pair of pure gaps on the Suzuki curve. This can be easily checked when q 0 = 2. Proposition 4.2. Let q 0 > 2 and P 1 , P 2 ∈ S(F q ) with P 1 = P 2 . Then
Proof. Suppose by contradiction that (n 1 , n 2 ) ∈ G 0 (P 1 , P 2 ) is such that n 1 + n 2 > 2g − q. By (4), we get that
Therefore, either we have j 1 = j 2 = 1 or we may suppose that j 1 = 2 and j 2 = 1. In the former case, we have s 1 = s 2 = 1 and m 1 = m 2 = 0. Then, by using (3), the inequalities in (5) become
a contradiction. In the case j 1 = 2 and j 2 = 1, we have s 1 = 2, s 2 = 1, m 1 ∈ {0, 1, 2}, and m 2 = 0. Similarly, this yields
The following result shows that the pure gaps in Proposition 4.1 are precisely the ones for which n 1 + n 2 = 2g − q. Proposition 4.3. Let P 1 , P 2 ∈ S(F q ) with P 1 = P 2 and q 0 > 2. Then (n 1 , n 2 ) is a pure gap at (P 1 , P 2 ) with n 1 + n 2 = 2g − q if and only if either (n 1 , n 2 ) or (n 2 , n 1 ) is equal to (ǫ(q + 2q 0 + 1) + 1, 2g − q − 1 − ǫ(q + 2q 0 + 1)) for some ǫ ∈ {0, . . . , 2q 0 − 3}.
Proof. Proposition 4.1 proves one direction. Conversely, we assume that (n 1 , n 2 ) is a pure gap at (P 1 , P 2 ) where n 2 = 2g − q − n 1 . By (4), we have that (q − 1)j 1 < 2q − 1 and (q − 1)j 2 < 2q − 1. This means that j 1 , j 2 ∈ {1, 2}.
(i) When j 1 = 1, we have that m 1 = 0 and s 1 = 1. By (3), we get n 1 = r 1 (q + 2q 0 + 1) + 1.
The claim follows with ǫ = r 1 . (ii) When j 1 = s 1 = 2, we have that m 1 ∈ {0, 1, 2}. In this case The proof follows in a similar fashion by considering the same possibilities for j 2 .
Applications of pure gaps to Coding Theory
In this section we construct codes based on the families of pure gaps we obtained in Sections 3 and 4. Given a curve X , we fix two distinct rational places, P 1 and P 2 . Let (a 1 , a 2 ) be a pure gap at (P 1 , P 2 ). Following Theorem 3.2, we consider (b 1 , b 2 ) := (a 1 , a 2 ) so that G = (2a 1 − 1)P 1 + (2a 2 − 1)P 2 and deg(G) = 2(a 1 + a 2 − 1). We choose D to be the sum of all rational places on the curve X that are different from P 1 and P 2 . In all the cases we considered, we have that 2g − 2 < deg(G) < n = |X (F q )| − 2, and therefore the parameters of the C Ω (D, G) code satisfy k = n + g − 1 − deg(G) and d ≥ deg(G) − 2g + 4. Furthermore, our families of pure gaps give rise to codes with the same parameters, since deg(G) remains constant.
We denote by R = k/n the relative minimum distance of the code C Ω (D, G), and by δ = d/n the information rate. By the Singleton bound, we have that R + δ ≤ 1 + 1/n. In Table 1 we present the parameters of our codes. With the exception of the one based on X 1 , they all satisfy lim n→∞ R + δ = 1.
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